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Abstract. Finite-temperature T > 0 transport properties of integrable and
nonintegrable one-dimensional (1D) many-particle quantum systems are rather
different, showing in the metallic phases ballistic and diffusive behavior, respectively.
The repulsive 1D Hubbard model is an integrable system of wide physical interest. For
electronic densities n 6= 1 it is an ideal conductor, with ballistic charge transport for
T ≥ 0. In spite that it is solvable by the Bethe ansatz, at n = 1 its T > 0 transport
properties are a collective-behavior issue that remains poorly understood. Here we
combine that solution with symmetry to show that for on-site repulsion U > 0 the
charge stiffness D(T ) vanishes for T > 0 in the thermodynamic limit. This absence
of finite-temperature ballistic charge transport is an exact result that clarifies a long-
standing open problem.
PACS numbers: 02.30.Ik,05.60.Gg,71.10.Fd,05.70.Fh,71.10.Hf
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1. Introduction
The nature of the exotic transport properties of one-dimensional (1D) correlated
electronic systems at finite temperature has been a problem of long-standing interest
[1, 2, 3, 4, 5, 6, 7, 8, 9]. The real part of the charge conductivity as a function of the
frequency ω and temperature T has the form,
σ(ω, T ) = 2πD(T ) δ(ω) + σreg(ω, T ) . (1)
Here the charge stiffness D(T ) characterizes the response to a static field and σreg(ω, T )
describes the absorption of light of frequency ω. At T > 0 the system can behave
as an ideal conductor with D(T ) > 0, a normal resistor with D(T ) = 0 and
σ0 = limω→0 σreg(ω, T ) > 0, and an ideal insulator with D(T ) = σ0 = 0 [1, 2, 5, 6].
1D normal conductors are typically correlated metallic nonintegrable electronic models,
which show diffusive behavior such that the T = 0 delta-fuction peak in the real part
of the electrical conductivity broadens at T > 0 into a Lorentzian Drude peak. An
example of such nonintegrable systems is the 1D Hubbard-Peierls model [10]. On the
other hand, 1D ideal conductors are generally correlated metallic integrable electronic
systems whose real part of the electrical conductivity shows a delta-fuction peak for
T ≥ 0. That D(T ) > 0 for the latter systems, implies finite-temperature ballistic charge
transport, the occurrence of an infinite set of conserving and commuting operators Qˆj
associated with the integrability preventing diffusive behavior for T > 0 [3].
The 1D Hubbard model is solvable using the Bethe ansatz (BA) [11, 12, 13]. This
technique has been useful in the calculation of static properties [14, 15, 16]. However,
it has been difficult to apply to the study of transport at finite temperature. The
solvable 1D Hubbard model has D(T ) > 0 for electronic densities n = N/Na 6= 1 and
temperatures T ≥ 0 [5, 6]. This result is consistent with an exact inequality involving
the integrability conservation laws, D(T ) > B(T ) = 1/(2kBTNa)
∑
j〈JˆQˆj〉2/〈Qˆ2j〉. Here
〈...〉 stands for thermal averaging, Jˆ is the charge current operator, and B(T ) > 0
for n 6= 1 provides a bound for the D(T ) value [3, 17, 18]. However, one finds that
B(T ) = 0 at n = 1, so that the inequality is inconclusive at half filling [3]. Indeed, the
charge transport at T > 0 is not well understood for N = Na electrons and lattice sites.
For instance, whether in the thermodynamic limit and for on-site repulsion U > 0 the
charge stiffness D(T ) vanishes or is finite for T > 0 and n = 1 remains an open issue
[2, 4, 5, 6, 8, 9].
The authors of Ref. [2] have conjectured that D(T ) = 0 at n = 1 for U/t > 0
and Na → ∞. Their analysis is based both on numerical results for related integrable
systems and on D(0) = 0 exactly vanishing at T = 0. The studies of Ref. [5] rely on
the BA solution and reach the exact result that D(T ) = 0 at n = 1 to leading order in
t2/U for U/t≫ 1 and Na →∞. Here t is the nearest-neighbor transfer integral. On the
other hand, the investigations of Ref. [4] also use the BA solution, yet predict instead
that D(T ) > 0 at n = 1 for T > 0, Na → ∞, and U/t > 0. However and as discussed
below in Sec. 4, their analysis has a fatal problem at n = 1.
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In this paper we fully clarify the above mentioned unsolved long-standing problem
by showing that in the thermodynamic limit, D(T ) = 0 for T > 0 at n = 1 and U/t > 0.
Our result definitively establishes that for U/t > 0 the half-filled 1D Hubbard model has
no ballistic charge transport and thus is not an ideal conductor. Whether for U/t > 0
and T > 0 it is an ideal insulator or a normal resistor remains though an interesting
open issue.
2. The model global symmetry and energy eigenstates
The 1D Hubbard model reads,
Hˆ = −t
∑
σ
Na∑
j=1
[
c†j,σ cj+1,σ + h.c.
]
+ U
Na∑
j=1
ρˆj,↑ρˆj,↓ . (2)
Here c†j,σ creates an electron of spin projection σ at site j, ρˆj,σ = (nˆj,σ − 1/2), and
nˆj,σ = c
†
j,σ cj,σ. The states η-spin (and spin) and η-spin projection (and spin projection)
are denoted by Sη and S
z
η (and Ss and S
z
s ), respectively. The Sα and S
z
α values of the
lowest-weight states (LWSs) and highest-weight states (HWSs) of the η-spin and spin
algebras are such that Sα = −Szα and Sα = Szα, respectively. Here α = η for η-spin and
α = s for spin.
At U = 0 the Hamiltonian of Eq. (2) becomes that of a tight-binding model, whose
energy eigenstates are as well eigenstates of the current operator. One then trivially
finds for n = 1 and Na → ∞ that σreg(ω, T ) = 0, D(T ) > 0, and maxD(T ) = D(0),
with [D(0) − D(T )] ∝ T 2 > 0 and D(T ) ∝ 1/T for low and high T , respectively. On
the other hand, we find below that D(T ) = 0 for U/t > 0. The T ≥ 0 transition
occurring at U = Uc = 0 is controlled by the interplay of correlation effects with the
emergence for U/t > 0 of a hidden U(1) symmetry beyond SO(4) [19]. Indeed recently
it was found that for U/t 6= 0 the global symmetry of the Hubbard model on a bipartite
lattice and thus in 1D is [SO(4)⊗U(1)]/Z2 [19]. The eigenvalue of the generator 2S˜hc of
the hidden U(1) symmetry beyond SO(4) is the number 2Shc of rotated-electron doubly
plus unoccupied sites [19]. It is given by 2Shc = 2[Sη +M
′] where M ′ is the number of
η-spin-neutral pairs of rotated-electron doubly and unoccupied sites [19], which in 1D
equals the BA number M ′ of Ref. [12]. The generator 2S˜hc does not commute with the
charge current operator.
Importantly, the commutator [Hˆ, 2S˜hc ] where Hˆ is the model Hamiltonian, Eq. (2),
is finite and vanishes at U/t = 0 and for U/t > 0, respectively. Consistent, at U/t = 0
the model global symmetry lacks the U/t > 0 hidden U(1) symmetry and is instead
SO(4)⊗ Z2 [19]. Here the factor Z2 refers to a discretely generated symmetry that is
an exact symmetry of the U/t = 0 Hamiltonian but changes the sign of the interaction
Hamiltonian term in U when U > 0. Taking the U/t → 0 limit of the U/t > 0
energy eigenstates leads to eigenstates of 2S˜hc that are different from the U/t = 0
energy eigenstates, so that the problem is nonperturbative. The U/t dependence of the
commutator of the model Hamiltonian with the hidden U(1) symmetry generator then
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controls the corresponding phase transition occurring at U = Uc = 0 for T ≥ 0. At
T = 0 it is the well known Mott-Hubbard metal-insulator quantum phase transition
[11].
In the following we show that for U/t > 0 the D(T ) value is determined by
collective behavior stemming from the interplay of the correlation effects with the
algebra associated with the commutators of the η-spin SU(2) symmetry generators
with several charge current operators. For U/t > 0 the model’s BA solution has two
alternative representations that refer to subspaces spanned either by the LWSs or HWSs
of both SU(2) symmetry algebras, respectively. In this paper we consider the LWS BA
representation for which the numbers,
nη = Sη + S
z
η = 0, 1, ..., 2Sη ,
ns = Ss + S
z
s = 0, 1, ..., 2Ss , (3)
vanish, where Szη = −(Na − N)/2 and Szs = −(N↑ − N↓)/2. We call Bethe states
the energy eigenstates contained in the BA subspace, which are LWSs of both the η-
spin and spin algebras. The spin non-LWSs are generated from such Bethe states by
a transformation similar to that reported in the following for the η-spin non-LWSs,
which involves the spin off-diagonal generators. However, concerning the spin degrees
of freedom our analysis considers general states, which may be spin LWSs or spin non-
LWSs. Indeed the spin algebra plays no active role in our study.
For U/t > 0 the 4Na energy eigenstates |lr, Sη, Szη〉 are as well eigenstates of the
hidden U(1) symmetry generator 2S˜hc , which counts the number of rotated-electron
doubly plus unoccupied sites [19]. Within our notation, lr stands for all quantum
numbers beyond Sη and S
z
η needed to uniquely define a U/t > 0 energy eigenstate,
|lr, Sη, Szη〉. The η-spin non-LWSs are generated from the corresponding nη = 0 η-spin
LWS |lr, Sη,−Sη〉 as follows,
|lr, Sη, Szη〉 = |lr, Sη,−Sη + nη〉 =
1√Cη
(Sˆ+η )
nη |lr, Sη,−Sη〉 . (4)
Here nη = 1, ..., 2Sη,
Cη = 〈lr, Sη,−Sη|(Sˆ−η )nη(Sˆ+η )nη |lr, Sη,−Sη〉 = [nη!]
nη∏
j=1
[ 2Sη + 1− j ] , (5)
is a normalization constant and the η-spin generators read,
Sˆ+η =
Na∑
j=1
(−1)j c†j,↓ c†j,↑ ; Sˆ−η = (Sˆ+η )† ; Sˆzη =
1
2
Na∑
j=1
(ρˆj,↑ + ρˆj,↓) ,
( ~ˆSη)
2 = (Sˆzη)
2 +
1
2
(Sˆ+η Sˆ
−
η + Sˆ
−
η Sˆ
+
η ) , (6)
where we have also provided the diagonal generator and ( ~ˆSη)
2 expressions. Importantly,
the half-filling energy eigenstates, which are those of most interest for our study, refer
in Eq. (4) to nη = Sη.
Absence of finite-temperature ballistic charge transport in the 1D half-filled Hubbard model5
Except for a constant pre-factor, the charge current operator Jˆρ equals the z-axis
η-spin current operator Jˆσ
η
z ,
Jˆρ = (e) Jˆ ; Jˆσ
η
z = (1/2) Jˆ ,
Jˆ = − i t
∑
σ
Na∑
j=1
[
c†j,σ cj+1,σ − c†j+1,σ cj,σ
]
, (7)
where e denotes the electronic charge.
Our main goal is to calculate the charge stiffness D(T ) for U/t > 0 and Szη = 0,
which in the thermodynamic limit involves only current expectation values and can be
written in terms of a sum over the Szη = 0 half-filling states, Eq. (4), as [3, 5],
2πD(T ) =
π
kBTNa
∑
lr
∑
Sη=0,1,2,...,Na/2
pl,Sη |〈lr, Sη, 0|Jˆ|lr, Sη, 0〉|2 . (8)
Here plr,Sη = e
−ǫlr,Sη/kBT/Z is the usual Boltzmann weight and the partition function
reads Z =
∑
lr,Sη
e−ǫlr,Sη/kBT .
3. current matrix elements and expectation values
The following commutators play a major role in our study,[
Jˆ , Sˆzη
]
= 0 ;
[
Jˆ , ( ~ˆSη)
2
]
= Jˆ+Sˆ−η − Sˆ+η Jˆ−[
Jˆ , Sˆ±η
]
=
[
Sˆzη , Jˆ
±
]
= ±Jˆ± ;
[
Jˆ±, Sˆ∓η
]
= ±2Jˆ , (9)
where Jˆ± denotes the following current operators related to the η-spin SU(2) symmetry
algebra,
Jˆ+ = i 2t
Na∑
j=1
(−1)j
[
c†j,↓ c
†
j+1,↑ + c
†
j+1,↓ c
†
j,↑
]
; Jˆ− = (Jˆ+)† . (10)
The Sη > 0 metallic η-spin LWSs |lr, Sη,−Sη〉 and half-filling simultaneously η-spin
LWSs and HWSs |lr, 0, 0〉 used in our operator algebra manipulations obey the following
well-known transformation laws,
Sˆ−η |lr, Sη,−Sη〉 = 0 ,
Sˆ+η |lr, 0, 0〉 = Sˆ−η |lr, 0, 0〉 = 0 , (11)
which trivially follow from the η-spin SU(2) symmetry algebra.
In order to evaluate the current expectation values 〈lr, Sη, 0|Jˆ|lr, Sη, 0〉 that appear
in the charge-stiffness expression, Eq. (8), in the following we consider a more general
problem: That of finding from operator-algebra symmetry alone some of the general
current matrix elements,
〈lr, Sη, Szη |Jˆ |lr, S ′η, Szη〉 =
1√CηC′η
× 〈lr, Sη,−Sη|(Sˆ−η )nη Jˆ(Sˆ+η )n
′
η |lr, S ′η,−S ′η〉 , (12)
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that vanish. Here nη = Sη + S
z
η , n
′
η = S
′
η + S
z
η , the normalization constants are given
in Eq. (5), and we have accounted for the vanishing of the commutator [Jˆ , Sˆzη ] = 0,
Eq. (9), so that the current operator only connects states with the same Szη value. For
lr = lr′, Sη = S
′
η, and S
z
η = 0 Eq. (13) refers to the current expectation values in Eq.
(8).
To double check our results on the current expectation values, we find their value
from limiting cases of two different classes of current matrix elements: (a) matrix
elements 〈lr, Sη, 0|Jˆ |lr, S ′η, 0〉 between Szη = 0 half-filling states with arbitrary Sη and
S ′η values, respectively, and (b) matrix elements 〈lr, Sη, Szη |Jˆ|lr, Sη, Szη〉 between states
with the same Sη > 0 and S
z
η arbitrary values. While the current matrix elements of
type (a) connect only half-filling states those of type (b) may connect Szη > 0 metallic
states.
By combining the systematic use of the commutators given in Eq. (9) with the
transformation laws of Eq. (11), we reach the following general useful result concerning
the current matrix elements of type (a),
〈lr, Sη, 0|Jˆ|lr, Sη + δSη, 0〉 = 0 , δSη 6= ±1 . (13)
For half-filling states whose generation from metallic η-spin LWSs involves small
nη = (Sη − Szη) values, the calculations are straightforward. They become lengthly
as the nη value increases, yet remain straightforward.
Furthermore, by use of similar techniques we find after a suitable operator algebra
involving commutator manipulations and state transformations the following relation
between current matrix elements of type (b),
〈lr, Sη, Szη |Jˆ |l′r, Sη, Szη〉 = C(2Sη, nη) 〈lr, Sη,−Sη|Jˆ |l′r, Sη,−Sη〉 , (14)
where Szη = −Sη + nη and nη = 1, ..., 2Sη. The coefficient C(l, l˜) appearing here is such
that,
C(l, l˜) = − C(l, l − l˜) , l˜ ≤ l/2 ,
C(l, l/2) = 0 for l/2 integer . (15)
The result C(l, l/2) = 0 follows from the first equality for l˜ = l/2, where we have denoted
2Sη and nη by l and l˜, respectively.
First, it follows from Eq. (13) for lr = l
′
r and δSη = 0 that the expectation values
of all half-filling energy eigenstates |lr, Sη, 0〉 vanish, 〈lr, Sη, 0|Jˆ |lr, Sη, 0〉 = 0. Second,
for Sη > 0 such half-filling states have numbers Sη = nη = 1, 2, ..., Na/2, so that
C(2Sη, nη) = C(2Sη, Sη) = 0, as given in Eq. (15). Consistent with the vanishing
current expectation values of all Sη ≥ 0 found from Eq. (13), it follows from Eq. (14)
that the current expectation value of Sη > 0 half-filling states |lr, Sη, 0〉 vanishes.
We have then confirmed that the analysis of the two classes of current matrix
elements leads to the same result, that for U/t > 0 the charge current expectation
values 〈lr, Sη, 0|Jˆ|lr, Sη, 0〉 vanish for all n = 1 energy eigenstates. In contrast, the
current expectation values 〈lr, Sη, Szη |Jˆ |lr, Sη, Szη〉 of Szη 6= 0 metallic states are in general
finite [20, 21].
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Sη\nη 0 1 2 3 4 5 6 7
1/2 1 -1 - - - - - -
1 1 0 -1 - - - - -
3/2 1 1/3 -1/3 -1 - - - -
2 1 1/2 0 -1/2 -1 - - -
5/2 1 3/5 1/5 -1/5 -3/5 -1 - -
3 1 2/3 1/3 0 -1/3 -2/3 -1 -
7/2 1 5/7 9/16 1/7 -1/7 -9/6 -5/7 -1
Table 1. The coefficient C(2Sη, nη) on the right-hand side of Eq. (14) for the η-spin-
tower states of η-spin up to Sη = 7/2. At half filling one has that Sη = 0, 1, 2, 3 is an
integer and Szη = 0, so that nη = Sη and C(2Sη, Sη) = 0.
Only the coefficient C(2Sη, nη) = C(2Sη, Sη) = 0 in Eqs. (14) and (15) is needed for
our n = 1 study. A general expression of that coefficient which applies to nη = 0, 1, 2, 3
and any η-spin value Sη ≤ nη/2 is,
C(l, l˜) =
1
[l˜!]
∏l˜
j=1[ l + 1− j ]
[
l˜∏
j=1
[ jl − 2j ]− (l˜ − 1)(2[(l + 1)− (l˜ − 1)])l˜−1
− (1− δl˜,1)(ll˜ − 2l˜)(l˜ − 2)(2[(l + 1)− (l˜ − 2)])l˜−2] , l˜ = 1, 2, 3 , l ≥ l˜ ,(16)
where l ≡ 2Sη and l˜ ≡ nη. For nη > 3 the C(2Sη, nη) expression becomes too
cumbersome for Sη 6= nη metallic states and vanishes for half-filling Sη = nη states.
Combining the expression of Eq. (16) with the relation C(l, l˜) = −C(l, l − l˜) provided
in Eq. (15) for l˜ ≤ l/2, we have calculated the coefficient C(2Sη, nη) of all states with
η-spin Sη ≤ 7/2, whose values are given in Table 1.
4. The charge stiffness and regular conductivity at half filling
Our above result that the current expectation values of all U/t > 0 half-filling energy
eigenstates |lr, Sη, 0〉 vanish implies according to Eq. (8) that the charge stiffness
D(T ) vanishes in the thermodynamic limit. Hence we have just showed that at half
filling it vanishes for U/t > 0 and T > 0 in the thermodynamic limit, whereas
D(T ) > 0 at U/t = 0. This is our main result, which clarifies a long-standing
open problem. Note however that the conductivity sum rule
∫
dω σ(ω, T ) remains
invariant under the transition occurring at U = Uc = 0 for all temperatures. Indeed,
we find that 2πD(T )|U/t=0 = limU/t→0
∫
dω σreg(ω, T ) > 0 and limU/t→0 2πD(T ) =[∫
dω σreg(ω, T )
] |U/t=0 = 0.
We emphasize that our exact result that D(T ) vanishes at n = 1 for U/t > 0 and
T ≥ 0 does not apply to the model on a finite 1D lattice. For it the charge stiffness
expression has additional terms, beyond those given in Eq. (8), which vanish in the
present thermodynamic limit [3]. Such extra terms involve current matrix elements
between pairs of degenerate energy eigenstates. Moreover, our exact results disagree
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with the prediction of Ref. [4] that D(T ) should be finite in the thermodynamic limit
for U/t > 0 and n = 1. That prediction error stems from some of the separate integrals
of the individual summands occurring in the integrands of Eq. (25) of Ref. [4], which
diverge at n = 1. That turns out to be a fatal problem, similar to that of some of the
integrands of Eqs. (24) and (25) of Ref. [7] for a related BA solvable model, as was
discussed and recognized in that reference. On the other hand, the studies of Ref. [8]
did not calculate explicitly the charge currents carried by Szη = 0 states with Sη > 0
and assumed those to be finite, alike for the metallic states of the same η-spin-Sη tower,
yet they vanish.
Our results allow two possible scenarios for the 1D half-filled Hubbard model phase
at a given finite temperature T : Either the model behaves as a normal resistor with
D(T ) = 0 and σ0 = limω→0 σreg(ω, T ) > 0 or as an ideal insulator with D(T ) = σ0 = 0.
The use of Eq. (13) allows the simplification of the standard linear-response theory
expression of σreg(ω, T ) to,
σreg(ω, T ) =
π
(
1− e−ω/(kB T ))
Na ω
∑
lr
∑
Sη=0,1,2,...,Na/2
plr,Sη
∑
j=±1
Θ(Sη + j)
×
∑
l′r,(ǫl′r,Sη+j
6=ǫlr,Sη )
|〈lr, Sη, 0|Jˆ|l′r, Sη + j, 0〉|2δ(ω − ǫl′,Sη+j + ǫl,Sη) . (17)
Here Θ(x) = 1 for x ≥ 0 and Θ(x) = 0 for x < 0.
For U/t > 0 the exact ground state of the half-filled Hubbard model at zero chemical
potential and zero spin density, which here we denote by |GS, 0, 0〉, is a η-spin singlet,
Sη = 0, with M
′ = 0 [11, 12], so that it is an eigenstate of the hidden U(1) symmetry
generator with eigenvalue 2Shc = 2[Sη +M
′] = 0. Moreover, the exact minimum energy
for transitions from that ground state to two-electron charge and η-spin excited states
with 2Shc = 2[Sη +M
′] > 0 is min∆Drot = 2∆MH [Sη +M
′]. Here 2∆MH is the Mott-
Hubbard gap, which at zero spin density behaves as ∼ 8
π
√
t U e−2π(
t
U ) for U/t≪ 1 and
∼ (U − 4t) for U/t≫ 1 [11]. The minimum excitation energy, min ǫl′,1− ǫGS,0 = 2∆MH ,
relative to the Sη = 0 ground state whose matrix element 〈GS, 0, 0|Jˆ|l′r, 1, 0〉 in Eq. (17)
does not vanish refers to excited energy eigenstates |l′r, 1, 0〉 with Sη = 1 and 2Shc = 2.
Hence at T = 0 we find that σreg(ω, 0) = 0 for ω < 2∆MH . This confirms that the real
part of the conductivity vanishes for the T = 0 Mott-Hubbard insulator for energies
smaller than the Mott-Hubbard gap.
To characterize possible T > 0 transitions for which ǫl′r,Sη±1 − ǫlr,Sη → 0 in Eq.
(17), it is convenient to replace the quantum number lr in |lr, Sη, Szη〉 by two quantum
numbers, mr,M
′, so that |mr,M ′, Sη, Szη〉 ≡ |lr, Sη, Szη〉. Here mr stands now for all
quantum numbers beyond M ′, Sη, and S
z
η needed to uniquely define the U/t > 0 energy
eigenstate. From analysis of the half-filling energy spectra obtained by combining the
BA solution with symmetry, we then find that ǫm′r,M ′−1,Sη − ǫmr,M ′,Sη−1 → 0 for pairs
of states with the same hidden U(1) symmetry generator eigenvalue 2Shc = 2[Sη +M
′]
and suitable mr and m
′
r values. Specifically, provided that the matrix elements of the
Absence of finite-temperature ballistic charge transport in the 1D half-filled Hubbard model9
-4 -3 -2 -1 0 1 2 3 4
4
8
12
16
20
24
-4 -3 -2 -1 0 1 2 3 4
4
8
12
16
20
24
 
 
E
ne
rg
y
momentum
Figure 1. The degenerate energy spectrum of several types of 2Shc = 2[Sη +M
′] = 4
states for U/t = 6 and Na = 30. This includes the Sη = 2;M
′ = 0 states,
Sη = 1;M
′ = 1 states, and Sη = 0;M
′ = 2 states considered in the text.
following form are finite,
〈mr,M ′, Sη − 1, 0|Jˆ|m′r,M ′ − 1, Sη, 0〉|Sη=M ′ =
1√CηC′η
× 〈mr,M ′, Sη − 1,−Sη + 1|(Sˆ−s )M
′−1Jˆ(Sˆ+η )
M ′|m′r,M ′ − 1, Sη,−Sη〉|Sη=M ′
=
1√
CM ′
〈mr,M ′, Sη − 1,−Sη + 1|Jˆ+|m′r,M ′ − 1, Sη,−Sη〉|Sη=M ′ , (18)
where M ′ = 1, 2, ... and the two states are such that ǫm′r,M ′−1,Sη − ǫmr,M ′,Sη−1 → 0,
then σ0 = limω→0 σreg(ω, T ) would be finite for T > 0. Note that the states
|m′r,M ′ − 1, Sη,−Sη〉 and |mr,M ′, Sη − 1,−Sη + 1〉 connected in Eq. (18) by the two-
electron current operator Jˆ+, Eq. (10), have N = Na− 2M ′ and N +2 = Na− 2M ′+2
electrons, respectively.
In case that such matrix elements were finite, their absolute value would decrease
rapidly upon increasing M ′ and a large fraction of the weight would be generated by
the M ′ = 1 transition. (The constant CM ′ in the last expression given in Eq. (18)
reads C1 = 2 and C2 = 3 for M
′ = 1 and M ′ = 2, respectively.) Unfortunately, we
could not evaluate such matrix elements. The numerical results of Ref. [6] refer to
finite systems and provide some evidence that σ0 could be finite in the thermodynamic
limit for U/t > 0 and T → ∞. Nonetheless an ultimate prove that for U/t > 0 the
conductivity σ0 vanishes or is finite remains lacking.
5. Current spectra of degenerate half-filling and metallic states
In order to illustrate that n = 1 and n 6= 1 energy eigenstates whose energy spectra
are degenerate carry when U/t > 0 zero and finite charge current, respectively, we
have derived numerically the current expectation value and energy spectra of a set of
related energy eigenstates with 2Shc = 2[Sη + M
′] = 4 and thus four holes in the c
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Figure 2. The current spectra of (a) the metallic Sη = 2;S
z
η = −2;M ′ = 0 states,
(b) metallic Sη = 2;S
z
η = −1;M ′ = 0 states, (c) half-filling Sη = 2;Szη = 0;M ′ = 0
states, Sη = 1;S
z
η = 0;M
′ = 1 states, and Sη = S
z
η = 0;M
′ = 2 states, (d) metallic
Sη = 2;S
z
η = 1;M
′ = 0 states, and (e) metallic Sη = 2;S
z
η = 2;M
′ = 0 states
considered in the text for U/t = 6 and Na = 30.
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momentum band [22]. The energy spectrum of the simpler energy eigenstates with
2Shc = 2[Sη +M
′] = 2 were studied and plotted in Ref. [21]. Such states have two holes
in the c momentum band [22] and include three types of Szη = 0,±1; Sη = 1; M ′ = 0
states and the Sη = −Szη = 0; M ′ = 1 states. Only the charge current spectrum of the
metallic Szη = −1; Sη = 1; M ′ = 0 states was plotted in Ref. [21]. On the other hand,
the charge currents carried by the also metallic Szη = +1; Sη = 1; M
′ = 0 states is minus
that of the Szη = −1; Sη = 1; M ′ = 0 states. Moreover, the half-filling η-spin-triplet
Szη = 0; Sη = 1; M
′ = 0 states and half-filling η-spin-singlet Sη = −Szη = 0; M ′ = 1
states carry no current in the thermodynamic limit.
Here we consider five types of Szη = 0,±1,±2; Sη = 2; M ′ = 0 states, three types
of Szη = 0,±1; Sη = 1; M ′ = 1 states, and two types of Sη = −Szη = 0; M ′ = 2 states
with two and one occupied BA quantum number J
′1
α and J
′2
α of Ref. [12], respectively.
The degenerate energy spectrum of such states is plotted in Fig. 1. The current spectra
of the energy eigenstates with 2Shc = 2[Sη +M
′] = 4 and η-spin Sη = 0 and Sη = 2 are
plotted in Fig. 2. The spectra of Figs. 1,2(a) were calculated from the BA for U/t = 6
and Na = 30. Consistent with the results of this paper, the current of the n = 1
states plotted in Fig. 2(c) vanishes. The metallic states whose currents are plotted in
Figs. 2(a),(b),(d),(e) have the same energy as these n = 1 states yet carry finite charge
current.
6. Conclusions
Recently the finite-energy behavior of correlation functions of 1D correlated systems
[23, 24, 25, 26] has been found to differ signicantly from the linear Luttinger liquid
theory predictions [14]. Here we have considered the related problem of the exotic
T > 0 charge transport properties of the half-filled 1D Hubbard model. We have shown
that for U/t > 0 its charge stiffness D(T ) vanishes for T > 0 in the thermodynamic
limit. The corresponding absence of finite-temperature ballistic charge transport is an
exact result that clarifies a long-standing open problem.
Whether for the half-filled 1D Hubbard model σ0 = limω→0 σreg(ω, T ) vanishes or is
finite for T > 0 and U/t > 0 in the thermodynamic limit is an interesting related open
issue that deserves further investigations.
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